Exact solutions for the general fifth order KdV 
equation by the extended tanh method 



Alvaro Salas * 
Cesar A. Gomez S ^ 
Jose Gonzalo Escobar Lugo ^ 



Abstract 

In this paper we show some exact solutions for the general fifth order KdV 
equation ut + uj Uxxxxx + ct uuxxx + PuxUxx + ^u^Ux = 0. These solutions are 
obtained by the extended tanh method. 
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1 Introduction 



A large variety of physical, chemical, and biological phenomena is governed by non- 
linear evolution equations. The analytical study of nonlinear partial differential equa- 
tions was of great interest during the last decades. Investigations of traveling wave 
solutions of nonlinear equations play an important role in the study of nonlinear 
physical phenomena. The importance of obtaining the exact solutions, if available, 
of those nonlinear equations facilitates the verification of numerical solvers and aids 
in the stability analysis of solutions. 

The nonlinear generalized KdV equation of fifth order (fKdV equation) reads 



where a, /?, 7 and to are arbitrary real parameters. 

This equation describes motions of long waves in shallow water under gravity and 
in a one-dimensional nonlinear lattice and it is an important mathematical model with 
wide applications in quantum mechanics and nonlinear optics. Typical examples are 
widely used in various fields such as solid state physics, plasma physics, fluid physics 
and quantum field theory. A great deal of research work has been invested during the 
past decades for the study of the fKdV equation. The main goal of these studies was 
directed towards its analytical and numerical solutions. Several different approaches, 
such as Blackund transformation, a bilinear form, and a Lax pair, have been used 
independently by which soliton and multi-soliton solutions are obtained. Ablowitz et 
al. [3] implemented the inverse scattering transform method to handle the nonlinear 
equations of physical significance where soliton solutions and rational solutions were 
developed. 

Some important particular cases of Eq. (11.11) are : 



Ut+UU: 





• Kaup-Kupershmidt equation (KK equation) [Tn] [TT] 



Ut + u, 
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• Sawada-Kotera equation (SK equation) [7] [5] 

'^t ~l" '^xxxxx ~l" ^'^'^xxx ~l" ^UxUxx ~\~ Six Ux = 0. (1-3) 

• Caudrey-Dodd-Gibbon equation 

Ut + Uxxxxx + 30^^2,2,2: + SOUxUxx + ISOu^Ux = 0. (1.4) 

• Lax equation [6] 

Ut + W^aiajaja; + 10 UUxxx + SOtijjMa;^; + SOu^Ux = 0. (1-5) 

• Ito equation [8] [9] 

^it + Uxxxxx + 3 Mt^xxx + QUxUxx + 2 U^M^. = 0. (1.6) 

As the constants a, j3 and 7 change, the properties of the equation (11. ip drastically 
change. For instance, the Lax equation with a = 10, /5 = 20, and 7 = 30, and the 
SK equation where a == /5 = 7 = 5, are completely integrable. These two equations 
have A^-soliton solutions and an infinite set of conserved densities. Another example 
is the KK equation with a = 10, 13 = 25, and 7 = 20, which is known to be integrable 
[12], and has bilinear representations [12] [11], but for which the explicit form of the 
A^-soliton solutions is not known. A fourth equation in this class is the Ito equation, 
with a = 3, P = 6, and 7 = 2, which is not completely integrable, but has a limited 
number of special conserved densities [H]. 

From 70's, a vast variety of simple and direct methods to find analytic solutions 
of nonlinear differential equations and evolution equations have been developed. Re- 
cently, the extended tanh method [Ij has been successfully used in seeking the solitary 
wave solution and other kinds of solutions. 

We will find solutions of Eq. (II. ip for a; 7^ and 7 7^ 0. 
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2 The extended tanh method 



The extended tanh method [T] may be described in the following three steps: 

Step 1. We search exact solutions of equation (II. ip in the form 

u{x,t)=v{i) ^^^^ 
^ = x + \t, 

As a result we have that the equation (11. ip is reduced to the nonlinear ordinary 
differential equation (ODE) of fifth order 

Iv'iOviO' + av^'\Ov{0 + Xv'iO + Pv'{Ov"iO + u^v^'KO = (2.8) 
Step 2. We seek solutions of (12.81) in the form 

m 

v{0 = ao + Y.iv>iO' + ^iO-'), (2.9) 

i=l 

where 

cp'{0 = k + cp\0, (2.10) 

where k is a parameter to be determined later. 

The Riccati equation (12.101) has the general solutions: 

a) If A; < : = tanh(v^O and (p{^) = -y/^ coth(v/^0- 

a) lffc = 0: ipiO = -^- 

c) If /c> : <^{0 = Vk tan(v^O and (^(0 = Vk cot(v^O- 

Substituting (12.91) . along with (I2.10p into (12.81) and collecting all terms with the 
same power in we get a polynomial in the variable Lp = This polynomial 

has the form 

^^(^)3m+l + 5^(^)2m+3 ^ ^ ^ j^^^^ ^^g^^^ ^^^^^ ^2.11) 
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The parameter m can be found by balancing the high-order hnear term with the 
nonhnear terms [2] in (12. lip . We assume that m > 1 to avoid trivial solutions. The 
degrees of the highest terms are m + 5 ( the degree of the term c(f{^)"^~^^ ), 2m + 3 
( the degree of the term ) and 3m + 1 ( the degree of the term aLp{^)^"^~^^ 

). The only integer value of m for which 3m + 1 = 2m + 3 or 3m + 1 = m + 5 or 
2m + 3 = m + 5ism = 2. Equating in (12.111) the coefficients of every power of Lp{^) 
to zero, we obtain the following algebraic system in the variables k, A, ao, ai, bi, . . . : 

• -720b2Ujk^ - 24blak^ - Ub^f^k^ - 2bljk = 0. 

• -120b2iok^ - 30b2b2ak^ - 1062&2/?^^ - Sfos^sT^ = 0- 

• -1680b2iok^ - Qblak^ - 2Aaob2ak^ - 2bll3k^ - AOb^ak'^ - 286|/9A;2 - Aaobl^fk - 
Ablb2-ik - 26^7 = 0. 

• -24062wA;^ - 6aob2ak^ - 2Aaib2ak:^ + 6aib2(3k^ - A8b2b2ak^ - 22b2b2(3P - b^-fk - 
?>aib\'-yk — 60062^27^ — 562^27 = 0- 

• -Qaib2ak^-2Aa2b2ak^+2aib2f3k^+8a2b2pk^-l232b2Ujk^-8blak'^-AOaob2ak'^- 
iblpk^ - mlak - 2%ll3k - 2aobl-fk - 2026^7^; - 20^627^; - 40162^27^; - 262AA; - 
400637 - 46^627 = 0. 

• —^bl—aikjb2—6a2k^ab2—8aok'^ab2 — l8b2kab2+2a2k^Pb2 — l4:b2k(3b2—6aob2^b2 — 
alkjb2 — 2a2b2kjb2 — kXb2 — 136k^ub2 — 38ai62^^a + I0aib2k'^p — 3ai627 — 
2000162^7 = 0. 

• —2b2'yal — 16b2kaao — 2bl^ao — Qaib2k'^a — 24a2b2k'^a — 2blka — AblP + 2aib2k'^(3 + 
80262^2/5 - 2blkp - 202637 - 40162627 - 262A - 27262PCJ = 0. 

• 2aia2l3k^ + IQaiuk^ + 2aoaia;A;^ + 8a2b2C(k^ — 2a2b2/3k'^ — 1662a; k'^ — 2aob2(yk — 
8aib2ak + 2aib2l3k + alai'yk + 627A; + 20002627^; + 20102627/;; + oi AA; — 26262/^ — 
016^7 - O0627 - 20001627 - 20262627 - 62A = 0. 
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• AalPk^ + 272a2Ujk^ + 2alak'^ + IGooaaaA;^ + 2alPk'^ + 6aib2ak + 2Aa2b2ak - 
2aib2(3k — 80262/?^ + 2aoal'yk + 2ala2jk + 40102627^ + 2a\b2'^k + 2a2\k — 0. 

• k^a\ + 627O1 + 18a2A;^Q;ai + 6&2Q;ai + 'AaQkaa^ + 14a2A;^/3ai — 2&2/3ai + aQ7ai + 
20262701 + 6aoa2A;7ai + Aai + 136Pa;ai + 880262^0; — 100262^/? + 20002^27 + 
3alb2k'-f = 0. 

• 2a27aQ + 40a2A;Q;ao + 20^700 + Aa^k^yao + Ida^k^a + 601620; + 2402620; + 8a^A;Q; + 
20aifc^/3 - 2ai62/9 - 80262/? + 4a?A;/? + 40102627 + 20^627 + 40^02^:7 + 202A + 
1232o2A;2a; = 0. 

• 7of + Goqckoi + 48o2fcQ;oi + 22o2 A;/?Oi + 600O2701 + 50^^701 + 240A;a;oi + 2402620; — 
60262/3 + 80^627 = 0. 

• 2A;7o|+40A;Q;o|+28A;/?o|+4oo7o|+24ooQ;o2+4o?702+1680A;a;o2+6o^Q;+2o^/3 = 
0. 

• 5oi7o| + 80oiq;o2 + 10oi/3o2 + 120oia; = 0. 

• 270! + 24aoi + 12/3oi + 720a;o2 = 0. 

Step 3. ( This is the more difficult step ) Solving the previous system for A;, A, oq, 
Oi, 61, . . . , we get Oi = 61 = 0, so when m — 2 solutions have the form 



v{C) = ao + O2<^^(0 + 



We get the following solutions, where 



A^2a + P+ V(2a + /3)2 -4O7U;, B 



12-fuj-A(3 
87 



and C — 



{3A - 10/3) Lu _ 
2A ■ 



• 00 = -^,02 = 0,60 = 



3Ak^ 
7 



, A = 16Be : 




7 



Ak ( 



1 + 8 csch 
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ao = a, = 0, 60 = A = 16CP : 

u-i{x, t) = (^2 + 3 cot^ (yk {x + 256CkH 

U4{x,t) = (^l + Scsch^ (v^(:c + 256C/c2i))) 



• ao = -^,a2 = -^,6o = 0,A = 16BA;2 : 



U5(x, t) = — —(2 + atan^ (yk {x + IGBkH 
(x,t) = -— (^2-3tanh2 (x + 16 BkH) 



' ' 7 
• ao = -^,a2 = -if^,6o = 0,A = 16CA;2 : 



us{x, t) = -12^ (^2-3 tanh^ (^V^ (x + 2b6CkH 



M9(x,t) = -— (2 + 3tan2 + 2565/0^^)) +3cot2 (^V^ (x + 2565A;^t 

Uio{x,t) ^ -— (2-3 tanh^ (^V^ + 2565/c^i) ) - 3 coth^ (y^ {x + 256BkH 



ao = -80|-, a2 = -if^, 62 = A = 256CP : 



uu{x,t) = (^2 + 3tan2 (yk {x + 256CA;2t)) + 3cot2 (^V^ (x + 256CkH 

uuix.t) = -12^ (^2 - 3tanh2 (^V^ {x + 256CkH)^ - 3coth2 (^V^ + 256CkH 
Observe that A = only if ti; 7 = 0. 



3 Conclusions 



In this paper, by using the extended tanh method and the help of a symbohc com- 
putation engine, we obtain some exact solutions for the equation (II .ip . At the same 
time, we may find solutions for any particular case of this equation, for example, 
fll.2p - fll.6l) . In our opinion, this result is new in the literature. 
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